The one-loop renormalization of the action for a set Dirac fermions and a set of scalars spanning an arbitrary manifold coupled via Yukawa-like and gauge interactions is presented. The computation is performed with functional methods and in a geometric formalism that preserves at all stages the symmetries of the action. The result is then applied to Higgs effective field theory to obtain the renormalization group evolution. In the Standard Model limit of this EFT the RGE equations collapse into a smaller linearly independent set; this allows to probe the dynamics of the scalar discovered at LHC via de-correlations in the running of couplings.
I. INTRODUCTION
Recent years have seen a resurgence in the study of effective field theories (EFT), a phenomenon motivated in large part by the goal of painting the Standard Model (SM) as part of a bigger picture. The SM EFT as a case study has indeed pushed our understanding to new depths in ways worth reviewing; i) the reduction [1] of the original basis of operators [2] raised the question of how to find the minimum complete set in the general case, solved via use of the conformal group [3, 4] , ii) the one-loop renormalization group evolution (RGE), now determined in full [5] [6] [7] [8] , was shown to have an unexpected holomorphy structure [9] later accounted for with amplitude methods [10] (see also [11] ), iii) conventional Feynmann-diagram-based methods when used in large scale computations, like the SM EFT RGE, proved cumbersome and inefficient; in contrast a Covariant Derivative Expansion (CDE) in conjunction with functional methods shows promise to trivialize one-loop computations [12] [13] [14] [15] [16] [17] .
The SM EFT however is built on the assumption that the geometry of the Higgs doublet scalar-space is trivial, i.e. R 4 ; allowing for more general geometries [18] leads to what has come to be known as Higgs Effective Field Theory (HEFT) -more prosaically the EFT for the longitudinal W & Z modes [19] [20] [21] [22] supplemented by Higgs singlet functions [23] . The operator basis in this EFT has been laid out [24, 25] , a process which itself triggered a revision of power counting [26] [27] [28] , and the one-loop computation added difficulties that this case entails [29] have been addressed with a geometric description [30] , and functional methods [31] . The full one-loop RGE in HEFT has not been determined yet however; filling this gap is the aim of the present letter.
In this task we have put to use the aforementioned progress in the field; in particular the CDE and the geometric description of the HEFT are central to this work whereas we comment on selection rules from amplitude methods. It should be emphasized nevertheless that the results here presented not only apply to HEFT; they are valid for a a manifold of scalars and a set of fermions coupled via Yukawa interactions and subject to a gauged symmetry as made explicit in the next section.
II. GAUGE AND YUKAWA THEORY FOR A MANIFOLD OF SCALARS
Consider a manifold parametrized by a set of n φ scalar fields φ i with metric G ij , n ψ Weyl fermion fields (n L lefthanded (LH) and n R right-handed (RH)) ψ, a Yukawalike coupling among the two and a gauged symmetry group that acts on both. The classical action reads:
where M is decomposed in chiral projectors as M = M R P R + M † R P L with M R a n L × n R matrix whose elements are functions of the scalar fields φ. The largest symmetry that the fermions can accommodate is that of the kinetic term, a unitary rotation in n ψ dimensions, U (n ψ ); as for the scalars, the kinetic term is invariant under isometry transformations, δφ i = θ A t A (φ), given by the Killing vectors t A defined as:
Considering Dirac masses, as we do, automatically reduces the symmetry group in the fermion sector from
The subgroup of the combination (isometries)×U (n L ) × U (n R ) that is respected by the full action is given by the directions in Lie Alge-
, which satisfy
Part or the whole of this group is gauged, which we call G, and the covariant derivatives [18] read:
where the coupling constants are contained in the Killing vectors t and the hermitian generators T ψ [32] , the latter contain chirality projectors P L,R . The scalar sector is an arbitrary manifold and differential geometry will be used frequently; in particular our notation for the covariant derivative in field space is:
where Γ i jk is the connection for the metric G ij and the space-time covariant derivative action on an upper index:
In the equation above and in the following, we will use interchangeably ∂/∂φ i and ∂ i .
A. one-loop Renormalization
The one-loop ( ) correction in the path integral formalism takes the form of a Gaussian integral centered around the EoM solution, Φ 0 , schematically:
so that the correction to the action reads
The Coleman-Weinberg potential can be obtained for background fields Φ 0 taken as constants; the generalization to space-time dependent fields requires of a Covariant Derivative Expansion (CDE) [12, 13] recently realised to its full potential [14] [15] [16] [17] . The application of this program to our case has two subtleties: i) the scalar fields have a non-flat geometry and ii) there are cross-terms with different spin-species fields in the second variation of the action. Point i is addressed with a covariant formulation and in particular a covariant second variation ∇ 2 S [30] , as for the addressing of ii, the procedure is completing squares via field redefinitions which do not change the measure [17] . After implementing the above steps, the second variation of the action reads, in the Feynman-t'Hooft gauge:
where we have omitted scalar and gauge summed indices, made explicit in the definitions 
where C G is the Casimir of the adjoint representation T G A T G A = C G 1 and traces are on scalar and Dirac space respectively. This is the set of counter-terms required for the action of eq. (1) at the one-loop level and the central result of this work. A number of well known results can be recovered from here, e.g. the SM which will be discussed in sec. III as a limit of HEFT.
Despite it being a lengthy expression one can readily see in eq. (10) that dipole or three field strengths terms are absent. It is simple to realise [25] that the 1-loop diagrams with three external gauge bosons do not give a divergent contribution to
Cut on the diagram built with on-shell amplitudes that would produce a dipole term, the arrows on the fermion lines indicate helicity.
First we note that dipole operators generate vertices with the sum of helicities -with all particles taken e.g. outgoing -of ±2; no term with such property appears in eq. (10) . To find out if such a dipole term is generated by RGE one can look into the cuts of diagrams built out of on-shell amplitudes [33, 34] , diagrammatically shown in fig. 1 . In the case in which M is linear in φ the amplitude A(LRφφ) cancels but not in the general case. We therefore pursue further the computation; the on-shell amplitudes momentum dependence is, in the massless limit,
, where |k is the Weyl spinor for a helicity −1/2 massless particle of momentum k and the scalar product k k ′ is antisymmetric, and finally imposing in the internal scalars the on-shell conditions of fig. 1 the result is:
so that the sum in scalar indices cancels and no dipole term is produced by RGE.
III. HIGGS EFT
The previous result can be applied to Higgs EFT. The gauge group is G = SU (3) c × SU (2) L × U (1) Y and there are six fermion representations, which we group in
where RH neutrinos are assumed Dirac, T ψ Y = g Y Q ψ in our gauge derivative of eq. (4) and the non-abelian part connects with usual conventions as Tr(T A T B ) = g 2 (s) δ AB /2 for weak isospin (color). The scalar sector has 4 fields which we arrange in φ = (ϕ a , h); where h is the Higgs singlet and ϕ a , a = 1, 2, 3, the Goldstones to be eaten by the W and Z. The metric reads:
with F a generic function of the singlet h. To specify the metric in Goldstone space, g ab , which in turn determines M Z /M W , we assume custodial invariance which is equivalent to taking the Goldstone bosons manifold to be S 3 [18] which admits an SO(4) = SU (2) × SU (2) symmetry. To write the metric and Goldstone couplings it is useful to introduce:
where u(ϕ) is an auxiliary unit vector in R 4 parametrized by ϕ with u j (0) = δ j 4 andT A are antisymmetric real matrices which, given the usual convention, satisfy Tr(T ATB ) = −g 2 (Y ) δ AB for weak isospin (hypercharge). With these definitions, the Lagrangian reads
It should be underlined that h is the excitation around the EW vacuum and therefore
GeV. For illustration and later use we define here the SM as:
where we see that everything can be rewritten in terms of the scalar field around the O(4)-symmetric pointh = h + h and one has h = v.
A. Renormalization of the leading Lagrangian
The original Lagrangian in eq. (15) receives corrections in all terms at one-loop. These corrections are Higgssinglet field dependent, e.g. K(h)(∂ µ h) 2 , except for the gauge kinetic term. It is then required, in order to revert the Lagrangian to its original form, to have h-dependent renormalization factors Z(h). Explicitly:
) with ε the antisymmetric 2-tensor.
Gauge bosons have the SM renormalization, which can be read off from eq. (10); we therefore do not make explicit the RGE of g Y , g and g s which can be found in e.g. [35] .
After these redefinitions there are only 3 terms left in the Lagrangian that differ from the classical action; Yukawa couplings, the potential and the kinetic term for the Goldstone bosons ϕ. The corrections received are again functions of the Higgs-singlet so that here we present the RGE as differential equations in the renormalization scale µ of functions of the Higgs singlet -for phenomenological applications is best to regard the following as RGE for the h-Taylor expansion coefficients:
As we remarked at the beginning of this section, we are expanding around the true vacuum so that V ′ (0) = 0; to maintain this condition at the Loop level we have to make sure the RGE for the the linear term in h cancels in eq. (19) . For this we use the renormalization of the Higgs field in eq. (17) choosing the limits of integration so as to cancel the RGE. It is a check on the procedure and worth examining how this works in the SM limit of eq. (16) . In this case one can defineh = h + h and the vev disappears from all RGE and in particular eq. (18) for F 2 becomes a trivial 0 = 0. Then after solving the remaining equations for the potential and Yukawas the defintion of h has to be revised which is simply taking λ and m h in the expression for the vev, h 2 = 2m 2 h /λ, to be running constants. If one instead follows the procedure above expanding around the true vacuum and imposing tadpole cancellation, the RGE for F 2 is not trivial and gives us the running of h , which is precisely the running one would get for 2m 2 h /λ via the previous procedure.
From the perspective of the RGE of eqs. (18)- (20) the renormalizability of the SM follows from a number of cancellations and is a very special case. To illustrate this point let us look at the coupling hW W ; in the SM this is gM W and its running is given by that of g and M W , however in HEFT it runs independently; if we write
where given the poor current experimental precision on the coupling htt one could have a 10% effect for one order of magnitude scaling. This illustrates how looking at the de-correlation of running of couplings can be used to probe scalar dynamics; de-correlations are indeed an experimental feature of HEFT [36] .
B. Renormalization of the Sub-leading Lagrangian
For consistency in our loop expansion, the coefficients of the NLO operators have a 1/16π 2 factor [37] and the RGE is simpler than in the case of the LO Lagrangian since field normalization is a two-loop effect. Let us write
where α indexes operators, themselves split into hermitian (O) and non-hermitian (Ō). There is one operator that is naively LO but is naturally suppressed since it violates custodial symmetry,
Even if the new physics generating the HEFT at the scale Λ respects custodial symmetry the RGE induced by hypercharge does not, and the operator is generated by the flow
where g Y does not show explicitly due to the defintion of O / C . This operator contributes to the T parameter [38] as
which has to be below the permile level making it natural to assume that O / C is NLO. The remaining sub-leading Lagrangian needed for renormalization can be given in terms of 20 operators which have indices in flavor and fermion-species [39] . Non-abelian gauge indices are omitted and contracted to build invariants so e.g. the combination 
where in the tensor products SU (2) L indices are contracted; they read, explicitly, (
} where we insert ψ I R in ( ) and SU (2) L indices are summed with the antisymmetric 2-tensor. Finally we note that the operators with a superscript * are genuinely CP odd [40] .
The RGE for the coefficients of these operators is, for the set of bosonic operators,
whereas boson-Yukawa operators read, µ dC
µ dC
which should be read as equations for matrices C in flavor space dC αβ ∝ (Y I ) αβ . The scalar current times fermion current coefficients RGE is µ dC
where again C are matrices in flavor space so YY † is the matrix product and one can see that the CP odd operators are generated if the Yukawas Y have an imaginary component. Lastly the four-fermion coefficients running reads, µ dC
where by tensor product we mean explicitly dC αβγδ ∝ Y αβ ⊗ Y γδ noting that the order matters.
IV. CONCLUSIONS
When the SM is extended to a general scalar geometry in HEFT, renormalizability -in the old acceptation-is badly lost. In this work we made quantitative this feature providing the RGE induced by the leading -custodially preserving-Lagrangian; from the point of view of HEFT, the SM limit is a very special one in which the the number of RGE equations collapses to a small linearly independent set. This feature can be used experimentally: examining how the running of different couplings correlates is a tool in our quest to uncover the dynamics behind the scalar boson found at LHC.
The computation was carried out with a CDE and functional methods and along the way we derived the renormalization for an arbitrary manifold of scalar and Dirac fermions coupled via Yukawa-like interactions and an arbitrary gauge group.
NOTE ADDED IN PROOF
In the process of readying this work for publication, and after the authors talked about the project at thesis defenses [41, 42] and more recently a dedicated seminar [43] , the paper [44] appeared on the same subject and with a large overlap. In [44] the one-loop UV divergent terms in HEFT are presented yet the explicit renormalization and applications are left for a companion paper; here instead we provide the RGE, include explicit examples of phenomenological relevance and our general formulae are valid for an arbitrary scalar manifold. 
